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Abstract—This paper studies the derivation of kinematic and
dynamic models of a newly developed active ankle foot orthosis
(AFO) that was designated for testing gait-assistive compliance
control algorithms. The AFO is characterized with a closedloop chain structure and powered by a linear ServoTube motor
making it very fast and responsive. The paper first derives
kinematic and dynamic models for the AFO. Then, a torque
controller is developed based on the dynamic model of the AFO
and it is shown that the AFO is able to track the position and
velocity of the desired trajectory with a satisfactory accuracy.

I. I NTRODUCTION
Ankle joint impairments due to joint inflammation, arthritis,
sprain, stroke and other neuromuscular diseases are one of the
most common reasons for altered gait and problems during
walking [1]. Many of these cases can be treated by short-term
rehabilitation, surgery, or medication but some require longterm rehabilitation or the use of ankle foot orthoses (AFOs) to
provide support during walking. These AFOs can ameliorate
the impact of impairments that affect gait, and therefore,
improve the quality of life.
Passive AFOs (e.g. rigid or semi-rigid ankle braces) are
commonly used to improve gait abnormalities by keeping the
ankle joint angle close to 90 degree [2]. However, long-term
use of these passive devices is dangerous since they can cause
disuse muscle atrophy of muscles and neural degeneration
of the neural system [3]. Moreover, they are useful for lowspeed walking rather than for normal or fast walking where
there is a need for additional energy for propulsion at the
plantar flexion phase [4]. Consequently, researchers have been
developing semi-active (resistive) and active (assistive) AFOs
to help impaired individuals to walk more naturally. Typically
these devices incorporate an actuator and control system to
modulate the torque generated by a patient [5].
Different kinds of actuators have been used for active AFOs.
These actuators typically have low inertia to allow higher
mobility due to the wearable nature of the robot. Moreover,
they should be inherently backdriveable to ensure the safety
of the user [6]. One of the most popular actuators with these
characteristics are series elastic actuators (SEA) in which an
electric motor is placed in series with a compliant elastic
element [7]. Pneumatic [8] and hydraulic [9] actuators have
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also been used due to their high power to weight ratio and
inherent compliance [10]. Conventional electric drives have
also been used in some designs [11].
To be useful, an active AFO must have an effective control strategy. Various types of control structures have been
described in the literature [4]. In [12], a trajectory tracking,
proportional-derivative (PD) controller was described for an
active orthosis actuated by a linear motor with a series elasticity element. This controller used an adjustable gait pattern
as a reference for the motor position. In [7], a variableimpedance active ankle foot orthosis powered by SEA was
described and an adaptive control structure was developed
to assist drop-foot gait. In [13], a PID closed-loop control
system was chosen for position and speed control of an active
orthosis actuated by a DC servo motor. In [14], a bio-inspired
soft wearable robotic device powered by pneumatic artificial
muscle actuators was designed for ankle foot rehabilitation.
An identified linear time-invariant (LTI) model of the AFO
was obtained. Then, the controllability of the system was
experimentally demonstrated using an LTI controller. In [15],
proportional myoelectric control strategy was used for an AFO
driven by artificial pneumatic muscles.
The objectives of this paper are to develop model and
control system for a new active ankle foot orthosis for the
first time in the literature. The contributions of this paper
are summarized as follows. First, the kinematic model of the
new active AFO, which is necessary to develop the dynamic
model of it, is obtained. Second, the dynamic model of the
considered AFO is developed by using the Euler-Lagrange
equation. Third, based on the AFO inverse dynamics, an
inverse dynamics control strategy is proposed. Fourth, the
results are validated experimentally.
II. D ESCRIPTION OF THE AFO
The new developed active AFO device has one degree of
freedom (DoF) that can only act in the sagittal plane using
a ServoTube motor. It includes an artificial leg and the AFO
that were printed on the 3D printer from polylactic acid plastic
(PLA) and then placed in the metal frame, as presented in
Figure 1(a).
The AFO was designed to fit well on a human leg, therefore,
it consists of a hollow shank (to be placed on a leg) and a foot
part (to be placed on a shoe) as presented in Figure 1(b). The
shank part was fixed to a human shank via the ski braces and
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TABLE I: The values of parameters (precise meaning of the
symbols are marked in Fig. 2)
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Fig. 1: The proposed active AFO (a) the real system, (b) the
CAD design of the AFO.
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the foot part was attached with the velcro stripes as shown in
Figure 1(a). The shank and foot parts were connected to each
other via the hinged joint and the actuator. The hinge joints, as
well as the rod’s attachment joint to the foot part of the AFO,
consists of spherical ball bearings which are characterized with
low friction. This solution allow to compensate nonlinearities,
and to control the tilting of a patient. The forcer of the actuator
was attached with a trunnion joint to the shank part. This
attachment point was optimized so that the AFO would be as
compact as possible and would be able to achieve the required
range of motion.
The rod’s attachment joint (ball-end bearing) was attached
to an in-line force sensor, and this sensor was connected to
the rod via a mechanical adapter as illustrated in Figure 1(b).
The load cell should have been mounted in-line to a load,
otherwise the sensor could be damaged. Consequently, in order
to assure that forces are only acted inline, the special sliders
were designed to permit motion in one axis only. It was also
necessary to create linear sliders to lock the rotation of the
ServoTube actuator as shown in Figure 1(b).
For the position sensor, the ELPM series linear potentiometer with the maximum stroke of 150 mm was used.
This potentiometer has a ruggedised IP67 sealed aluminum
housing, a elastomer damped wiper for shock and vibration
durability, and self-aligning pivot bearing mountings. For the
force sensor, the in-line sensor was used produced by Futek
Advanced sensor technology, INC., model - LCM 200. The
sensor is able to measure both tension and compression forces.
It weighs only 17 g and the natural frequency of the sensor
is 26.8 kHz. This sensor is used together with a strain gauge
amplifier characterizes with a bandwidth of 10 kHz.
The actuator was considered as a STA2504 Servotube motor
produced by DunkerMotoren (the front actuator in Figure
1(a)). This is substantially a linear drive which has wrapped
into a tube. It consists of two parts that are moving in relation
to each other: a forcer and a rod. This actuator is characterized
with high velocity, accuracy, response and backdrivability. As
is shown in Figure 1(a), a rear actuator (ServoTube XTA3804
drive) has also been used in the test setup to emulate the
human’s muscles and also to excite the AFO in the case for
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The length of a shank part of the
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Half of the width of the orthosis
(on y-level)
The horizontal safety margin
The vertical distance between an
ankle joint and the shank part
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identification purposes.
The higher-level AFO’s controller is the Quanser PCI card
which control the Xenus controller - an amplifier that directly
drive the actuator. The Xenus amplifier is programmable and
able to drive the motor in position, velocity, or current modes.
The Quanser card is compatible with Matlab Real Time
Toolbox, and control the Xenus amplifier via analog and digital
signals. All sensors were connected to the Quanser control
card via analog inputs.
As a summary, this device is characterized with high performance in relation to velocity and frequency response, and
equipped with a drive which is highly backdrivable. These
features makes it ideal to test advanced compliance control
algorithms designating for assisting in walking.

III. T HE KINEMATIC MODEL OF THE AFO
A kinematic model of the orthosis is needed to map the
output of the linear potentiometer (linear position d) to the
ankle joint (angular position α), and to develop the dynamic
model of the orthosis. Table I defines the parameters, used
to derive this model. Figure 2 shows the kinematic structure
of the orthosis. The relationship between d and α can be
derived based on this figure. By applying the law of Cosines
on 4F AB and 4F CB, it follows that:
(l + r1 )2 + r32 + 2(l + r1 )r3 sin(α) = d2 +
p
x2 + (l − y)2 + 2d x2 + (l − y)2 cos(β − ν),

(1)
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Setting the right sides of (6) and (7) equal to each other, and
substituting cos γ from (8), gives:


(f −d) (y +r1 )2 +r32 +2(y +r1 )r3 sin α−f d −f x2 = −dk 2 .
(9)
Finally, from (5) and (9), it follows that:
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where Ω(x, y, d) and Ψ (x, y, d) are the auxiliary variables:

1 
(y + r1 )2 + r32 − d2 − x2 ,
Ω(x, y, d) =
2xd
(11)
(y + r1 )r3
Ψ (x, y, d) =
,
xd
which will be abbreviated to Ω and Ψ . Substituting (10) into
(3), gives:
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Ξ(x, y, d) · sin2 α + Υ (x, y, d) · sin α + Γ (x, y, d) = 0, (12)
where:

foot part

Ξ(x, y, d) = h2 + Ψ 2 [x2 + (l − y)2 ] − 2hxΨ,


Υ (x, y, d) = 2 ΩΨ [x2 + (l − y)2 ] + g(h − xΨ ) − hxΩ ,
Γ (x, y, d) = Ω 2 [x2 + (l − y)2 ] − 2gxΩ + g 2 − (l − y)2 ,

Fig. 2: The geometrical relationship in the AFO.
which gives the relation between the angles α and β. From
Figure 2, it can be seen that the angle ν can be expressed as:
l−y
ν = arctg(
).
(2)
x
Consequently, by using the trigonometric subtraction formulas
for cos(β − ν) in (1), it follows that:
(l + r1 )2 + r32 + 2(l + r1 )r3 sin(α) = d2 + x2 + (l − y)2
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p
)
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,
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x
which can be rewritten as:
h2 sin2 α + [x2 + (l − y)2 ] cos2 β + 2gh sin α−
2gx cos β − 2hx sin α cos β + g 2 − (l − y)2 = 0,

(3)

where
g=

(l + r1 )r3
(l + r1 )2 + r32 − d2 − x2 − (l − y)2
,h =
.
2d
d
(4)

The angle β is also needed to define the relationship between
α and d. Applying the Cosine law to 4GCD and 4GAB, it
follows that:

and abbreviated as Ξ, Υ and Γ . The only solution of (12)
compatible with the AFO kinematics is as follows:
 −Υ + √Υ 2 − 4ΞΓ 
,
(13)
α = asin
2Ξ
which is concluded from considering a known value of d,
obtaining different values of the angle α from (13) and
comparing them with the correct value of α which is obtained
from the practical experiment.
After substituting the value of variables from Table I, the
relationship between d and α becomes:
r
h
π
93.4 164.3  2 i
α = −acos −0.9+ 0.2+0.03 −15.4 − 4 +
d ,
2
d
d2
(14)
where d is in mm and α is in radians. This equation can be
used to calculate the ankle angle from the linear potentiometer
output.
IV. DYNAMIC MODEL OF THE TEST- BED
By treating the AFO-foot complex as a rigid body, its dynamics can be determined from the Euler-Lagrange equation:

(6)

∂L
d ∂L
(
)−
= Φ,
(15)
dt ∂ α̇
∂α
where Φ denotes the non-conservative generalized force, α
denotes the ankle angle, and L is the Lagrange function, given
by:
L = Ek − Ep ,
(16)

n2 = k 2 + f 2 − 2kf cos(γ),

(7)

with Ek is the kinetic energy, and Ep is the potential energy.
The kinetic energy can be expressed as:

x = k + (f − d)2 − 2k(f − d)cos(γ).

(8)

k 2 = (f − d)2 + x2 − 2x(f − d)cos(β),
π
n2 = (y + r1 )2 + r32 − 2(y + r1 )r3 cos( + α) =
2
(y + r1 )2 + r32 + 2(y + r1 )r3 sin α.

(5)

while from 4GDB and 4GDC, we have:
2
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Fig. 3: The illustration of inertia of the motor’s rod.

H=hr +r1
0.085

dorsiflexion direction

0.075
plantarflexion direction

0.07

inertia [kg.m2]

d

r1

β angle
α angle

0.08

x

A
α
αf +

yf_cog

hf=yf_cog * cos(ε)

r3

ε

0.065

mf*g*sin(ε)

0.06

mf

ξ
ε = 90−(αf + α)

0.055

ε

0.05

0.045
−40

f

−20

0

20

40

60

80

mf*g*cos(ε)

100

angle [deg]

mf*g

Fig. 4: The relation between angles α, β and the moment of
inertia of motor’s rod.

where B(α) = If + Ic + Ir (α) denotes the comprehensive
moment of inertia of the AFO’s collar (Ic ), the foot (If ), and
the motor’s rod (Ir (α)).
It is worth mentioning that the inertia of the motor’s rod
depends on the ankle angle, as illustrated in Figure 3. Hence,
the inertia changes due to the change of the movement angle
ξ. The comprehensive inertia in a given position can be
calculated by dividing the motor’s rod into the infinitesimal
elements and summing along the rod:
Ir (α) = dm

N
X

foot part

ri2 ,

(18)

i=1

where dm is the mass of the infinitesimal element, N is the
number of elements and ri is the distance from the center
position of each element and ankle rotation point that is given
by:
ri2 = r2 + li2 − 2rli cos ξ,
(19)
where r is the constant distance from the ankle rotation point
to the point of motor’s rod attachment, li is the corresponding
distance from the attachment point of the motor’s rod to the
center of the i-th element, and ξ is the angle between vector
r and the motor’s rod. Figure 4 shows the change of Ir (α) as
a function of α and β. This relation can be used as a lookup
table for modeling the AFO.
The moment of inertia of a foot and the AFO’s collar are
constant along the angular trajectory of α and were calculated
numerically in a CAD application that modeled the AFO and
foot. The resulted moment of inertias for the axis parallel to

Fig. 5: The gravitation force of a foot, a collar and a rod.

ankle joint’s axis and passing through the central of mass are
Icy = 0.007 kg.m2 and Ify = 0.022 kg.m2 for the AFO’s
collar and the foot, respectively, while their masses are mcy =
0.151 kg.m2 and mfy = 0.672 kg for the AFO’s collar and the
foot, respectively. The moment of inertia of the AFO’s collar
and the foot in relation to ankle were determined, using the
Parallel Axis Theorem, to be:
Ic = mcy d2cy + Icy = 0.151· 0.062 + 0.007 = 0.0075kg.m2 ,
If = mfy d2fy + Ify = 0.672· 0.082 + 0.022 = 0.0263kg.m2 .
Moreover, the potential energy can be expressed as:
Ep = Epf + EpA ,

(20)

where Epf is the potential energy of the foot, and EpA that of
the AFO.
Figure 5 shows the mass points and gravitation vectors,
needed to define the potential energy. The potential energy
Epf is due to gravity only, as:
Epf = −mf ghf = −mf gyf cos() = −mf gyf sin(αf +α),
(21)
where yf is the distance between foot’s center of gravity to
the ankle joint and is approximately equal to 0.08 m, g =
9.8 m/s2 is gravitational acceleration, and αf is a constant
angle between the dorsal surface (upper part) of a foot and
the middle of it. The potential energy of the AFO consists of:
EpA = Epc + Epr ,

(22)

where Epc and Epr denote the potential energy of the AFO’s
collar and the motor’s rod. The potential energy of the collar
is, the analogy to the foot as follows:

human
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Epc = −mc gyc sin(αf + α),

α

α α

where yc is the distance between the collar’s center of gravity
and the ankle joint, and mc is the collar mass. The potential
energy of rod can be expressed as:
Epr = mrod gH = mrod g(hr + r1 ) =
and by substituting β from (10), it follows that:
q
2
Epr = mrod g((0.5f − d) 1 − Ω + Ψ sin α + r1 ).
Differentiation of Lagrangian leads to:

Epr
= τrod = −r3 Fgrav sin(ξ) = −r3 Fgrav sin(β − α) =
dα
− r3 mrod g cos(90 − β) sin(β − α) =
− r3 mrod g sin(β) sin(β − α). (23)
The non-conservative force Φ includes all external forces/torques and all forces/torques that depends on the path of travel
and can be expressed as:
(24)

where k is a torque constant of the motor, i is the motor’s current. Therefore, the dynamic model of the ankle-foot complex
+ AFO is given as:
B(α)α̈ + n(α, α̇) = τ,

(25)

where
B(α) = (If + Ic + Ir (α)), τ = ir3 k sin(β − α),
n(α, α̇) = −g(mf yf + mc yc ) cos(αf + α)−
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desired position

5
0
-5

(26)

r3 mrod g sin(β) sin(β − α).
V. D ESIGNATED TORQUE CONTROL
In order to prove that it is possible to control position
and velocity of the AFO while commanding the torque, the
Designated Torque Control framework (known also as the
Inverse Dynamics Control) was tested. The designated torque
control comes from the Internal Model Principle, which states
that precise control can be achieved only if the control system
encapsulates either implicitly or explicitly some representation
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,
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dα


∂L
d ∂L
= (If + Ic + Ir (α))α̇,
= (If + Ic + Ir (α))α̈.
∂ α̇
dt ∂ α̇
It is very difficult to analytically differentiate rod’s potential
energy because there are many parameters which depend on
α. However, the same result should be also obtained when
applying Newton’s laws to calculate the torque resulting from
the rod as:

Φ = r3 ki sin(β − α),

Fig. 6: The general structure of the designated torque controller in the context of the developed AFO.
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plots.

of the process to be controlled [16]. This control law is commonly used since after applying the nonlinear compensation
and decoupling, the manipulator dynamics is replaced with a
linear second-order subsystem.
By assuming that the control law can be expressed as:
τ = B(α)y + n(α, α̇),

(27)

where y is a new input vector, then the classical choice for y
is as follows:
y = q̈d + KP (qd − α) + Kd (q̇d − α̇),

(28)

where qd is the desired angle of the ankle joint. Applying this
control law to our system gave the control diagram in Figure 6.
This classical controller was modified; instead of using simple gains Kp and Kd , one gain was substituted by PI controller,
where I-part was added because there was a steady-state error.
The initial value of controller’s gains were designated with the
Ziegler-Nichols methods, and after that the parameters were
improved during trial-and-error manual tuning.
To test this control framework the desired signal was used
from the OpenSim Simulation [17] which was the time position
of the right ankle joint during the normal walking. The
experimental test by considering the designed controller was
done and the results of the control can be viewed in Figure 7.
It can be seen that despite of a simple control tuning method
the robot was able to track the position and velocity of the

desired trajectory with a satisfactory accuracy. The accuracy of
the position tracking was lower in the beginning of trajectory
tracking due to wind-up effect (no wind-up filter was used),
hence, tracking error could be further reduced by incorporating
the anti-wind-up filter and by using more advanced controller
e.g. by incorporating the feedforward part and by tuning the
parameters of a controller for the variable inertia of the rod
(LPV controller).
VI. D ISCUSSION
In this paper, the kinematic and dynamic equations of the
combined system including the artificial leg and the AFO
were obtained. It is worth mentioning that, these models
provide valuable information about the system that might
not be obtained in a purely experimental evaluation of the
test-bed. Indeed, based on the system model, the designer
can quickly evaluate the performance of system in a proper
virtual environment, and can reduce the effort for both system
hardware selection and control design. Moreover, the designer
is able to address the critical issues in relation to the performance of the system before the device is used by a patient
[8]. The developed model can be used to design and test
different control strategies for the AFO before an experimental
application.
It is worth mentioning that there exists some previous works
in this field that derive the models for different types of AFOs
[8], [13]–[15]. However, most of the considered AFOs are
the rear-AFOs that are powered using SEA, hydraulic and
pneumatic actuators. The considered AFO in this paper has
a completely different structure than the previous mentioned
AFOs. It is a front-AFO which is actuated using a ServoTube
drive. Moreover, the actuator’s forcer was not attached to
the AFO’s collar via its tip point which greatly increase the
complexity of equations. Moreover, the considered AFO has
a closed-loop chain structure which increase the difficulty of
the system modelling.
An inverse dynamics control strategy was also proposed
based on the AFO inverse dynamics. The proposed controller
consists of two feedback loops, namely, an inner loop based
on the AFO dynamic model, and an outer loop operating on
the tracking error. The objective of the inner loop is to obtain
a linear relationship for the system, whereas the outer loop is
required to stabilize the overall system.
VII. C ONCLUSION
In this paper, the kinematic and dynamic models of a new
active AFO that characterized with a specific kinematic chain
and a linear motor were derived. Then, the results from the
real-time control experiment were presented. It was shown
that using the proposed inverse dynamic controller the AFO
is able to satisfactory track the desired position and velocity
profiles. However, it should be mentioned that the designed
controller is not robust to the existing disturbances in the

system. Consequently, a robust sliding part can be added to the
control structure to make the closed-loop system more robust
with respect to existing uncertainties in the system. It should
be noted that this is the first attempt in the literature which
reports the results for the considered AFO.
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